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FRACTIONAL SECOND GRADE FLUID
PERFORMING SINUSOIDAL MOTION IN A
CIRCULAR CYLINDER

Nazia Afzal* and Muhammad Athar?

Abstract— The purpose of this work is to obtain some new results for fractional second grade fluid (non-Newtonian) performing sinusoidal
motion. The exact solution of the velocity field and associated shear stress corresponding to second grade fluid in an infinite cylinder are
obtained by applying Laplace transform and Hankel transform. The solutions have been written in series form using generalized function
G.,.,.(.,t) function and Bessel function. For a — 0 similar solutions for Newtonian fluid performing the same sinusoidal motion are obtained.
Solutions for ordinary second grade fluid performing the same sinusoidal motion are recovered from fractional fluid (second grade) as a

limiting case.

Index Terms— Exact solution, Fractional Second Grade fluid, Shear stress.

1 INTRODUCTION

he study of behavior of materials at rest or in motion

which deforms without any limit under the influence of
shearing forces is of considerable importance for researchers.
Broad application of fluids in our daily life such as air we
breathe, water, blood which runs through our body, applica-
tions in food industry, polymers chemical industry, drilling
operation, and bio engineering makes this most fascinating
field for researchers. Mass and heat transfer is of considerable
importance in chemical engineering. Now a days in medical
sciences, physiological fluid dynamics has become an im-
portant area of research. Fluids may be synthetic or natural.
They are mixture of different stuffs e.g oils, red cells, water etc.
These kind of fluids mostly have the viscosity, which has non-
linearly variation with the deformation of fluids. The elasticity
can be found through elongational effect and time dependent
effects. In this case, fluids have been treated as viscoelastic.
Fluid in which shear stress is not directly proportional to de-
formation rate are non-Newtonian fluids. One of the non-
Newtonian fluid model which represent other rheological
characteristics is differential type fluid (Rivilin-Erickson fluid)
which mostly consists of liquid foams, polymeric fluids, slur-
ries and food products and many substances which are capa-
ble of flowing, but which exhibit flow characteristics that can-
not adequately describe by classical linear viscous fluid model.

A subclass that has gained a special attention is in-
compressible homogeneous second grade fluid. Equation of
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motion of the second grade fluid is third order partial dif-
ferential equation. The second grade fluid equations are a
model for viscoelastic fluid flow depending on two parame-
ters, the elastic response a and viscosity v. Common examples
of non-Newtonian viscoelastic second grade fluid are blood,
fluids used in industrial fields, such as polymer solutions and
certain kinds of oil. Galdi, Padula and Rajagopal studied the
stability of flows of second grade fluids. Some recent attempts
regarding exact analytical solution for the flow of the second
grade fluid have been made by A. Mahmood [10], M. Jamil [7]
M. Athar [1]. Some important studies of non-Newtonian fluids
and oscillating boundary value problems in infinite cylinders
are determined by A. Mahmood [9] who found exact solution
of viscoelastic non-Newtonian (Second grade) fluid corre-
sponding to longitudinal oscillatory flow. Whereas D. Vieru
[16] found exact solution for the motion of Maxwell fluid due
to longitudinal and torsional oscillations of an infinite cylinder
by means of Laplace transform; while Cornia Fetecau [5] de-
termined exact solution for oscillating Oldroyd-B fluid, be-
tween two infinite coaxial cylinders by using Laplace and
Hankel transform. The governing equations for the motion of
fractional fluid can be obtained by replacing inner time deriva-

tives by the Riemann Liouville Df in governing equations in

ordinary fluid where Df is defined in [3]. The idea of frac-
tional derivative was introduced by Leibnitz in early 18th cen-
1
di{ i.e. derivative of orde% . Others
dx2
who tried with the idea include L'Hospital, Euler, Lagrange,
Riemann, Laplace, Liouville and Fourier. An excellent discus-
sion of fractional differential equations and a good history of
fractional calculus is given by K. S. Miller [12]. Carl F. Lorenzo
[3] presented a very useful paper on fractional derivatives.
Fractional derivatives are much flexible in describing viscoe-
lastic behaviour of fluids [6,15]. Keeping in view the above

tury to get answer to
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discussion there is a need to solve velocity field and shear
stress of generalized second grade fluid performing sinusoidal
motion with different conditions.

2 GOVERNING EQUATIONS

In this work we will consider the velocity V and the extra-
stress S where

V =V(rt)= w(rt)es, S = S(r,t)....Q)
Where es is the unit vector in the 6 direction of the cylindrical
coordinate system 7', 8, Z. Where at t = 0 we have w(r,0) =
0

Consider governing equations of ordinary second grade fluid

T(r,t) = (u+ r.j1 ¢ .2 (r,t)
rr.i)=u H]EIE_F wWir, ]

) _ o 0 ? 10 1)
o Wremglgetrar = )enl
-(3)

Where p is dynamic viscosity of the fluid and a = a/p
is a material constant. 8 = i/ 0 is the kinematic viscosity of the
fluid where p being its constant density and (,t) = S:e(r,t) is
the shear stress.

The governing equations corresponding to an incompressible
fractional second grade fluid are obtained from equation (2)
and (3) by replacing inner derivative with respect to “t” by

fractional derivative (fractional differential operator) Df and f8
>0 where

1 d f(7)

— T,
r(1-4aydt f, (t—7)7

D f(t) = [

)
= — flt],
th"“ :

Therefore, governing equatins for calculations in this paper
are

0 1
r(r,t) = (u +r||DfJ}(_r— _ —)x[:'.fj
ar o
......... ©)
dw(r, t) g f P 10 1
= (v D — w(r, t)
it (7+a ’J(ih'! Trar P (1)
....... (6)

3 FLow THROUGH AN INFINITE CYLINDER HAVING SHEAR ON
BOUNDARY

Let us consider an incompressible fractional second grade flu-
id at rest, in an infinitely long cylinder of radius R > 0. At time
t = 0 fluid is at rest and at time t = 0* cylinder begins to rotate
and boundary of cylinder applies a sinusoidal shear stress on
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fluid. The fluid is gradually moved. Its velocity is of the form
(1). The governing equations are given by (5) and (6). Appro-
priate initial and boundary conditions are

w(r,0)=0 re(0, R]
........................... @)
i} 1
T(R. t) = (u + HLD:J(_— - —)u;[f'. a‘]‘
ir r R
=0OR.Smn(wt) with =0
(1 is constant
3.1 COMPUTATION OF THE VELOCITY FIELD
Laplace transform of (6) and (7)
B (P 19 1\_
guir.q) = (v + ag J(} 5 T —)— - E)..J(_J'.t;]
oo rerrms 8)
e | Ow.
T(R.q) = [lrﬂ—ﬂw]](;—}—l)F[f'_q] = %
o T 1 q- T+ W
=k oe(9)

Now we have to apply finite Hankel transformation to (8) and
using (9) and result

R o) ;
o 1d 1
(| = — = )@ ) Ji (rro)dr =
/[: F{(Eh'z 7o :‘2) (@) Ji(rra)ds
Iw(rq) 1 h
RIL(Rr,)|——— — -@(r.q)| —riwg(ra.q)
or r 0

...(10)
Where we denote Hankel transformation (finite) of w(r,q) by

[4]
R
TH“';.-UJ:/ rai(r, q)Jy(rr,, )dr
o

Where J1 (rrn) represents Bessel function of first kind
We get finite Hankel transform of (8)

_ RJy(Rr)QwR RJi(Rrn)QwRq(1 + ¢°'ar})
Wr(rn.q) = — (

(pra)(g® +w?) pra)(g® + w?)(g + O] + ag®r])

We have
_ 1 RO (Rr, )0wR
W (T, q) = —; T
Hry q° + w=
............ 1)
And
_ RJ(Rry )QwRg(1 —q’l_LtH';‘:]
2T ) = = wr2(ig? + W) (g + 92 + agirl)
=lgs + w=)le =+ ogrrs
At e R AT )

Applying Hankel Inverse transform to (11) and (12) and add-
ing we get W(r,q) where inverse Hankel transformation of
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— 2 = JI[I'J'H}'_
n\.'. '. lI = B - uL'I 'rr.
\"9) = £ Z..:] T2(Rry) 1V 7

Where J1(Rr) = 0 at positive root rx
...L:E :!

“ilr9) = SR E + @)

1"ru""1

gl +¢q
L+ agir) (14)

Jy(rry ) w
(g% +w*)(g + vr;

=
wa(r,g) = -2
2(r.q) Z;r[:"”]tﬁ’;.,

n=1
Now apply Laplace inverse transform to (13) and (14) and
adding we get velocity field

e - Ji(rrg )02

{
Lt '#l'= — 5 u.,i’ll 2
(. 2u in Z i(r;)Ji(Rry)

e ¢
) [Zf_—z-‘f'ﬁ}"' / sin(ws)G1-g1-g—gkr+1(—ar; t — s)ds+

k=0 vo
ar2 ¥ (—9rH)k fot sin(ws)Gy_p g1 (—ans, t — s)ds] ...(15)

Where Generalized function Gap«(.,.) is defined by [3] equation
(97) and (100)

3.2 COMPUTATION OF SHEAR STRESS
Applying Leplace transform to (5) we get

_ o f O 1N_
T(r,q) = (p+aq”) o T w(r,q)

............ (16)
Writing Wn (rn,q) into equivalent form with
_ QR*wJ,(Rr,) 1
uat(rn-4) = ra (q* +w?)(p + ayq7)
" - (17)
and
Qﬁgw‘-!l[!‘?l"“] i
Pailrmd) = - " (@) pt ag)(g+ 02
r “tw)(pta Ur2 +ag'r?
n ' iy g g T (18)

Applying inverse Hankel transform to (17) and (18) and add-
ing substituting in (16)

Qur? )i Jo(rr, )2 quw
}? 2+ w?) (rn) 1 (Rry) (g* +w?)(g + O + ag”r])

n=1

T(r.q) =

Apply Laplace inverse transformation

o2 = Ly(rra)R2
T(r,t) = —Sin(wt) + 2 _
(ll . R ”J[ }I E ["rr]'f]t.‘lr?"u)

Z[ ih”‘.l [-11|[;.~']G’1_1_|__1_1,;-,;—+|[—m'ﬁ.a‘—.a-)r!.q
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4. LIMITING CASES
4.1 NEWTONIAN FLUIDS

Applying a—0 and a1—0 in (15) and (19)

oot = Jy(rr,)02
i(rt) = sin(wt) — 2
w(r, 1) BJJJ?'IM' t) “Z;If(f'ﬁ]'flf.ﬁf'rr)
XZ[ o2 )t / sin(ws)G1-g1-a-gk k+1(0, 1 — s)ds
k=0 v ..(21)
—  Ja(rry )
- s
(r,t) = in(wt) +2§[fu”]tﬁhd
X Z[—zh”} / sin(ws)G_g1-g_ar k10, t — s)ds
k=o ..(22)
4.2 ORDINARY SECOND GRADE FLUID
Applying p—1
Qrd _ = Ji(rra)Q
wir,t) = sin(wt) =2 -
(1) =5 gl g a(r2)Jy(Rr)
x i
X Z{—f’rﬁ}"'[ sin(ws)Go g ga1 (0.t — s)ds
k=0 "N .(22)
ot = (1)
rirt) = —Sin(wt) +2Yy om0
“ - R ”r[ } E ["'Jl]'j]':.ﬁ'l'ujl
% Z[—z-‘: II‘.I" / sin(ws)Gy g p+1(0.t — s)ds
k=0 ...(23)

4 CONSLUCION

This work presents exact solutions for the velocity field
and associated shear stress corresponding to the flow of frac-
tional second grade fluid performing sinusoidal motion in an
infinite cylinder. To find the exact solutions, Laplace trans-
formation and finite Hankel transformation along with appli-
cation of Bessel functions have been used. Governing equa-
tions of the fractional fluid of type second grade along with all
initial conditions and boundary conditions have been satisfied
by the obtained solutions. Generalized G.,.,.(.,t) function ap-
peared as a powerful tool to write velocity field and shear

stress in series form. &-> 0 makes it possible to get Newtonian
velocity field and shear stress. Solutions for ordinary second

o (19)  grade fluid are recovered by applying limit f — 1.
References
IJSER © 2015

http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research, Volume 6, Issue 6, June-2015
ISSN 2229-5518

(1

(2]

3]

(4]

3]

(6]

(8]

&l

(10]

(11]

(12]

(13]

(14]

(15]

(16]

M. Athar, M. Kamran, and M. Imran. On the unsteady rotational flow of
frac—tional second grade fluid through a circuler cylinder. Meccanica,
vol. 81, no. 11, 1659-1666, 2011.

M. Athar, M. Kamran, C. Fetecau. Taylor-couette flow of generalized
second grade fluid due to constant couple. Nonlinear analysis modeling
and control. vol. 15, no. 1,3-13, 2010.

Carl F. Lorenzo, Tom T. Hartly. Generalized function for the fractional
calculus. NASA /TP-1999-209424 / REV1. October 1999.

L. Debnath, D. Bhatta. Integral transform and their application (Second
edition). Chapman and Hall/ CRC, 2007.

C. Fetecau. Analytical solution for non-Newtonian fluid flow in pipe-
like domains. Int. J. non-Linear Mech, 39, 225-231, 2004.

Q. Haitao, J. Hui. Unsteady helical flows of a generalized oldroyd-B
fluid with fractional derivative. Nonlinea Anal RWA, 2700-2708, 2009.

M. Jamil, A. Rouf, C. Fetecau, N. A. Khan. Helical flow of second grade
fluid due to constantly accelerated shear stress. Commun nonliner Sci
numer simulat. 16, 1959-1969, 2011.

M. Kamran, M. Imran, M. Athtar. Exact solutions for the unsteady
rotational flow of a generalized second grade fluid through circular
cylinder Nonlinear anal~ysis modeling and control. vol. 15 no 4, 437-
444,2010.

A.Mahmood, N. A. Khan, I. Siddique, S. Nazir. A note on Sinusoidal
motion of a viscoelastic non-Newtonian fluid. Archives of applied
mechanics. vol. 82 issue 5, 659-667, 2012.

A.Mahmood, C. Fetecau, N. A. Khan, M. Jamil. Some exact solution of
the oscillatory methods of the generalized second grade fluid inan
annular region of two cylinders. Acta Mechsin 26, 541-550, 2010.

A. Mahmood, Saifullah, Q. Rubab. Exact solution for rotational flow of
generalized socond grade fluid through a circuler cylinder,
Bulenentimul academiei de stinte a republicii moldova, mathematica,
no. 3 (58), 9-7, ISSN 1024-7696, 2008.

K. S. Millar, B. Rose. An introduction to the fractional Calculus and
fractional differential equation, John Wiley and Sons. 1993.

K. R. Rajagopal, and P. N. Kaloni. Continuum Mechanics and its
applications, Hemisphere Press, Washington DC,USA, 1989.

Q. Rubbab, Syed Muhammad Husnine, A. Mahmood. Exact solution of
generalized Oldroyd-B fluid subject to a time-dependent shear stress in
a pipe. Journal of prime research in Math vol. 5,139-148, 2009.

W. C. Tan, F. Xian, L. Wei.An Exact solution of couette flow of
generalized second grade fluid, Chinese Sci, Bull, 47, 1783-1785, 2002.

D. Vieru, W. Akhtar, Cornia Fetecau, and C.Fetecau. Starting solution
for the oscillating motion of a Maxwell fluid in cylindrical domain,s
Meccanica. vol. 42, no.06, 573-583, 2007.

IJSER © 2015
http://www.ijser.org

1468


http://www.ijser.org/

	1 Introduction
	2 Governing Equations
	4 Conslucion
	[1] M. Athar, M. Kamran, and M. Imran. On the unsteady rotational flow of fractional second grade fluid through a circuler cylinder. Meccanica, vol. 81, no. 11, 1659-1666, 2011.
	[2] M. Athar, M. Kamran, C. Fetecau. Taylor-couette flow of generalized second grade fluid due to constant couple. Nonlinear analysis modeling and control. vol. 15, no. 1, 3-13, 2010.
	[3] Carl F. Lorenzo, Tom T. Hartly. Generalized function for the fractional calculus. NASA/TP-1999-209424/REVI. October 1999.
	[4] L. Debnath, D. Bhatta. Integral transform and their application (Second edition). Chapman and Hall/CRC, 2007.
	[5] C. Fetecau. Analytical solution for non-Newtonian fluid flow in pipe-like domains. Int. J. non-Linear Mech, 39, 225-231, 2004.
	[6] Q. Haitao, J. Hui. Unsteady helical flows of a generalized oldroyd-B fluid with fractional derivative. Nonlinea Anal RWA, 2700-2708, 2009.
	[7] M. Jamil, A. Rouf, C. Fetecau, N. A. Khan. Helical flow of second grade fluid due to constantly accelerated shear stress. Commun nonliner Sci numer simulat. 16, 1959-1969, 2011.
	[8] M. Kamran, M. Imran, M. Athtar. Exact solutions for the unsteady rotational flow of a generalized second grade fluid through circular cylinder Nonlinear analysis modeling and control. vol. 15 no.4, 437-444, 2010.
	[9] A. Mahmood, N. A. Khan, I. Siddique, S. Nazir. A note on Sinusoidal motion of a viscoelastic non-Newtonian fluid. Archives of applied mechanics. vol. 82 issue 5, 659-667, 2012.
	[10] A. Mahmood, C. Fetecau, N. A. Khan, M. Jamil. Some exact solution of the oscillatory methods of the generalized second grade fluid in an annular region of two cylinders. Acta Mechsin 26, 541-550, 2010.
	[11] A. Mahmood, Saifullah, Q. Rubab. Exact solution for rotational flow of generalized socond grade fluid through a circuler cylinder, Bulenentimul academiei de stinte a republicii moldova, mathematica, no. 3 (58), 9-7, ISSN 1024-7696, 2008.
	[12] K. S. Millar, B. Rose. An introduction to the fractional Calculus and fractional differential equation, John Wiley and Sons. 1993.
	[13] K. R. Rajagopal, and P. N. Kaloni. Continuum Mechanics and its applications, Hemisphere Press, Washington DC,USA, 1989.
	[14] Q. Rubbab, Syed Muhammad Husnine, A. Mahmood. Exact solution of generalized Oldroyd-B fluid subject to a time-dependent shear stress in a pipe. Journal of prime research in Math vol. 5, 139-148, 2009.
	[15] W. C. Tan, F. Xian, L. Wei.An Exact solution of couette flow of generalized second grade fluid, Chinese Sci, Bull, 47, 1783-1785, 2002.
	[16] D. Vieru, W. Akhtar, Cornia Fetecau, and C.Fetecau. Starting solution for the oscillating motion of a Maxwell fluid in cylindrical domain,s Meccanica. vol. 42, no.06, 573-583, 2007.




